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ABSTRACT: Extracting quantitative information from amplitude-modulation atomic force microscopy (AM-AFM) in
viscous ionic liquids is difficult because existing theory requires
knowledge of the cantilever natural frequency, which cannot
be measured in the absence of a resonance peak. We present a
new model that describes cantilever dynamics in an overdamped medium (Q < 0.5) and derive the theory necessary to
extract the stiffness and damping in highly viscous liquids. The
proposed methodology is used to measure the solvation layers
of an ionic liquid at a gold electrode.

■

INTRODUCTION
Ionic liquids have recently drawn significant attention for their
prospective applications in energy-storage technology,1,2
organic electronics,3−5 and nanotribology6,7 and for their
chemical tunability and versatility.8 By 2007, the culmination
of inconsistencies between experiment and theory precipitated
a reformulation of electrochemical theoretical foundations
based largely on the statistical mechanics of dense Coulomb
systems.9−11 Experimentally, the structure of the electric double
layer of ionic liquids is studied by a variety of electrochemical12−14 and photochemical15−17 methods, which measure properties averaged over macroscopic or microscopic
electrode areas. Atomic force microscopy (AFM) provides a
complementary channel of information about the solid−liquid
interface, which can be used to verify proposed theoretical
models,18−20 and carries the advantage of probing nanoscopic
areas with characterizable electrode roughness and crystallographic orientation. In this respect, AFM results are very
relevant for comparison to molecular dynamic simulations,21,22
which are restricted to nanoscopic volumes with well-defined
electrodes.
So far, only static AFM experiments have probed ionic liquid
solvation structures at the solid electrode.23 As an alternative,
dynamic amplitude-modulation (AM) AFM24 provides a direct
measure of stiffness and additional damping information
(related to the effective viscosity near the surface); however,
this technique is overlooked in highly viscous environments
because of the lack of a model necessary for extracting physical
information from the observed AFM signals. In fact, the
resonance peak of a cantilever disappears in highly viscous
liquids, preventing the use of existing AM-AFM theory that
requires knowledge of the cantilever’s natural frequency.
In this letter, we present a new massless model for describing
cantilever dynamics in overdamped (Q < 0.5) environments,
allowing accurate conversion of the amplitude and phase
measurements into stiffness and damping signals. We then
describe a calibration procedure for overdamped cantilevers
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based on this massless model and extract the stiffness and
damping of solvation layers as a silicon cantilever tip
approaches Au(111) in [BMIM][PF6] (1-butyl-3-methylimidazolium hexafluorophosphate). Finally, the approximations made
in deriving the massless model are justified by reference to
Sader hydrodynamic theory.25,26

■

THEORY
The first eigenmode of a cantilever can be approximated as a
harmonic oscillator that is characterized by mass m, damping γ,
and stiffness k, which govern its dynamics by the following
differential equation27
mx ̈ + yx ̇ + kx = f (t )

(1)

where x is the displacement of the cantilever tip and f(t) is a
time-varying force applied to the tip. Taking the Fourier
transform leads to a simplified representation
*−1(ω) =

F(ω)
= [k − mω2] + iωγ
X(ω)

(2)

where F(ω) and X(ω) are the Fourier transforms of force and
displacement, respectively. The reciprocal cantilever transfer
function * −1(ω), in units of N/m, will henceforth be referred
to as the impedance of the cantilever. This impedance describes
the complex-valued restoring force F(ω) for a given oscillation
amplitude X(ω) as a function of angular frequency ω.
As can be understood from eq 2, the real component of * −1
relates to the inertial (conservative) force and the imaginary
component represents the viscous (dissipative) force. Both of
these components are plotted separately in Figure 1a, and the
transfer function |* | is plotted in Figure 1b for reference. In the
case of an overdamped cantilever, three distinct harmonic
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following derivation because inverting * into * −1 decouples
conservative and dissipative forces into real and imaginary
components, respectively, as can be understood from eq 3.
Projecting the complex-valued vector * −1 onto real and
imaginary axes (using basic trigonometry) provides a
convenient way to isolate the stiffness and damping by
k = |*|−1 cos θ*

(6)

ωγ = −|*|−1 sin θ*

(7)

During the experiment, the stiffness and damping both vary
according to tip−sample interactions. Along the real axis, the
measured impedance k is the sum of the interaction stiffness ki
and the cantilever stiffness kc. Along the imaginary axis, the
measured impedance is ωγ, where γ is the sum of the
interaction damping γi and the damping γs measured at the start
of the experiment. This decomposition is illustrated in Figure 2.

Figure 1. a) Real and imaginary components of the cantilever
impedance * −1 of an overdamped cantilever (solid lines). Dotted line
represents the imaginary impedance of an underdamped cantilever,
which is the more familiar case in AFM. b) The corresponding
magnitude transfer function |* | is shown for both cases. For an
overdamped cantilever, |* | rolls off below the natural frequency and
no resonance peak is observed.

oscillator regimes become clear: constant, linear, and quadratic
relating to stiffness, damping, and mass, respectively.
Experiments aiming to extract stiffness and damping
information should be performed around the intersection of
the two first regimes, which coincides with the roll-off
frequency of the transfer function |* |, as seen in Figure 1.
Notice that the impedance * −1 up to the roll-off frequency is
unaffected by the mass parameter; the inertial component
remains nearly constant because k ≫ mω2. Therefore, mass can
be disregarded in overdamped environments when experiments
are performed near or below the roll-off frequency, simplifying
eq 2 into
*−1 = k + iωγ

Figure 2. Vector decomposition of the cantilever impedance * −1 into
inertial (9 : real) and viscous (0 : imaginary) forces. Simple vector
subtraction can be used to extract the tip−sample interaction stiffness
and damping.

It follows directly from Figure 2 that the tip−sample
interaction stiffness ki and damping γi can be isolated by simple
vector subtraction such that
ki =

(3)

γi = −

In an experimental setting, the cantilever transfer function *
is measured, which can be expressed by its magnitude
|*| =

1
k

cos θ *s
|*s|

sin θ *s ⎤
1 ⎡ sin θ*
⎢
⎥
−
ω ⎣ |*|
|*s| ⎦

(8)

(9)

■

CALIBRATION
To make use of eqs 8 and 9, the cantilever must be calibrated at
the start of the experiment.
First, a thermal spectrum in air provides kc via the Sader
method.28 Second, a thermal spectrum in the viscous
environment (close to the surface) provides a measure of γs
directly from the roll-off frequency by γs = kc/ωro. Third, the
sensitivity (nm/V) of the AFM is deduced from the
fluctuation−dissipation theorem, which states that the thermal
driving force spectrum is FT = 4kBTγs; therefore, the measured
thermal spectrum converges to 4kBTγs/kc2 at low frequencies
(disregarding additional 1/f noise), providing calibrated
physical units of fm2/Hz.

(4)

and phase
⎛ ω ⎞
θ* = −atan⎜
⎟
⎝ ωro ⎠

|*|

−

Values carrying a subscript “s” are measured at the start of
the experiment, in the absence of tip−sample interaction.

1
⎛ ω ⎞2
1+⎜ ⎟
⎝ ωro ⎠

cos θ*

(5)

This describes a first-order low-pass filter with a roll-off
frequency ωro = k/γ.
Note that * = |* |eiθC is in fact the cantilever response
measured during an AM-AFM experiment. However, the
impedance * −1 = |* |−1e−iθC will be used to facilitate the
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Note that the second and third steps can be performed
simultaneously by fitting the following function to the
measured thermal spectrum
FT × |*|2 =

4kBT
1
kcωro 1 + (ω/ωro)2

(10)

with sensitivity as a multiplicative fitting parameter.
This calibration procedure was performed in Figure 3. The
cantilever kc = 28.5 N/m was determined from the thermal

Figure 4. (a) Measured magnitude and phase of the cantilever-transfer
function averaged over 200 approach curves in [BMIM][PF6] on
Au(111). Note that the magnitude response is simply the measured
amplitude divided by the (constant) driving force of 7 nN. (b) The
stiffness and damping profiles are recovered using eqs 8 and 9.

that depends on the tip−sample distance at which the
cantilever thermal spectrum was acquired (∼1 μm in this
experiment).
This measurement represents the first step toward
quantitative studies of ionic-liquid solvation layers. With an
accurate measure of the stiffness and damping profiles, further
studies can investigate subtle changes in these profiles as a
function of the electrochemical potential in order to extract
information about the electric double-layer structure for direct
comparison to proposed theoretical models.

Figure 3. Thermal spectrum in air used to calibrate the cantilever
dynamic stiffness kc = 28.5 N/m. The thermal spectrum in
[BMIM][PF6] was fit using the massless model (eq 10) to extract
the roll-off f ro = 37 kHz and to calibrate the plot in units of fm/
(Hz)1/2. The detection noise was determined independently by
acquiring a spectrum at high frequency where the signal is dominated
by detection noise rather than thermal noise (not shown).

■

JUSTIFICATION OF APPROXIMATIONS
We must justify two noteworthy approximations made in the
derivation of the massless model: (1) the damping γs is
frequency-independent and (2) the mass m is negligible.
On the contrary, the hydrodynamic theory of Sader predicts
a frequency-dependent damping for overdamped cantilevers.25
However, the reviewed theory for cantilevers near rigid walls
suggests that damping converges to a constant value as the
cantilever−sample distance decreases.26 As long as the damping
is dominated by interaction with a rigid sample, as in our
experiment, the approximation of a constant γs holds true.
For low Reynolds numbers (<0.1), which are characteristic of
overdamped environments, hydrodynamic theory predicts that
the effective fluid mass loading of a cantilever decreases as the
cantilever approaches the sample.26 This suggests that the
massless approximation of our model is even better than
originally expected.

spectrum in air, and the thermal spectrum in [BMIM][PF6]
established the damping γs = 120 μNs/M and calibrated the
measurement into physical units.
At this stage, the AFM can be calibrated with respect to any
drive frequency chosen for the experiment. The drive frequency
was set to 20 kHz, just below the roll-off frequency of 37 kHz,
leading to a cantilever magnitude response of |* s| = 30 pm/nN
as calculated by eq 4 and a phase response of θCs = −28° as
calculated by eq 5.

■

EXPERIMENT
After 30 min of argon purging, [BMIM][PF6] was injected into
the sealed electrochemical cell on a home-built AFM29
retrofitted with photothermal excitation.30 The PPP-NCHAuD
cantilever approached the Au(111) surface, followed by the
calibration summarized by Figure 3. Photothermally driving the
cantilever with an effective 7 nN of force amplitude caused an
oscillation amplitude of ∼200 pm at the start of the experiment.
Selecting a small amplitude linearizes the measurement,31,32
thereby facilitating the interpretation of the acquired data. Two
hundred continuous approach curves were acquired at an
approach speed of 70 nm/s using the spectroscopy module of
the Nanonis SPM controller. The magnitude and phase
response of the cantilever were measured, as shown in Figure
4a. Equations 8 and 9 were used to extract the tip−sample
interaction, plotted in Figure 4b.
An oscillatory stiffness profile is observed, with a period of
∼0.7 nm corresponding to the diameter of a [BMIM][PF6]
ionic pair.21 The damping, however, is mostly monotonic,33
with an offset due to squeeze film damping of the cantilever

■

CONCLUSIONS
A massless model, described only by stiffness and damping,
suffices to describe the dynamics of an overdamped cantilever
up to the roll-off frequency. This simple two-parameter model
allows the conversion of phase and amplitude measurements
into stiffness and damping for overdamped cantilevers, thereby
expanding the capabilities of dynamic AFM to the very low Q
regime for quantitative studies of ionic liquids and other highly
viscous liquids.
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